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Logical Consequence
Its Nature, Structure, and Application

Colin R. Caret and Ole T. Hjortland

. Introduction
Recent work in philosophical logic has taken interesting and unexpected turns.
It has seen not only a proliferation of logical systems, but new applications of a
wide range of different formal theories to philosophical questions. As a result,
philosophers have been forced to revisit the nature and foundation of core logical
concepts, chief amongst which is the concept of logical consequence.This volume
collects together some of the most important recent scholarship in the area
by drawing on a wealth of contributions that were made over the lifetime of
the AHRC-funded Foundations of Logical Consequence project. In the following
introductory essay we set these contributions in context and identify how they
advance important debates within the philosophy of logic.
Logical consequence is the relation that obtains between premises and conclu-

sion(s) in a valid argument. Validity, most will agree, is a virtue of an argument,
but what sort of virtue? Orthodoxy has it that an argument is valid if it must be the
case that when the premises are true, the conclusion is true. Alternatively, that it
is impossible for the premises to be true and the conclusion false simultaneously.
In short, the argument is necessarily truth preserving.
These platitudes, however, leave us with a number of questions. How does the

truth of the premises guarantee the truth of the conclusion in a valid argument?
Is an argument valid in virtue of the meaning of logical constants? What con-
straints does logical consequence impose on rational belief? What are the for-
mal properties of the consequence relation: compactness, reflexivity, transitivity,
monotonicity? Can there be more than one conclusion in a valid argument? Are
there phenomena, such as the semantic and set theoretic paradoxes, which ought
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to compel us to revise the standard theory of logical consequence? Is there, in some
sense, more than one correct consequence relation, more than one way in which
an argument can be valid? And so on.
The debate about the nature of logical consequence has traditionally divided

along model-theoretic vs. proof-theoretic lines. Some of the essays in this volume
contribute to that particular debate, while others represent views which do not
neatly fall on either side of the traditional divide. By now, some philosophers even
question the orthodox ‘truth-preservation’ view itself: that is, whether necessary
truth preservation is really a necessary and sufficient condition for validity. A
recent trend is the search for a ‘third way’ of understanding the nature of conse-
quence. Some of the contributions to this volume address emerging primitivist and
deflationist views about the concept of consequence. As early as Chapter , Hartry
Field will argue that the orthodox definition—indeed, any definition of logical
consequence—must be set aside in favour of an approach which emphasizes the
role of validity in the cognitive economy.

. Models and Consequence
Themodel-theoretic tradition is the heritage fromTarski (). It attempts to give
a precise explication of the platitude that valid arguments are necessarily truth
preserving.This is a reductive project: at the first stage, extensionally individuated
constructs or ‘models’ are deployed to define the notion of truth-in-a-model. Valid
arguments are then defined as those that preserve (from premises to conclusion)
truth-in-a-model in all models:

A is a logical consequence of a set of premises Γ (Γ � A) if and only if, for every
modelM: whenever every B ∈ Γ is true inM, A is also true inM.1

As a special case, we say that a sentence that is true in all models is logically true
(� A). Because the definition quantifies over all models, and because the range of
available models is (in part) determined by the meanings of logical terms like ¬
and ∃, Tarski argues that his analysis satisfies the criteria of necessity and formality
that are distinctive of the concept of logical consequence. In short, the truth of
the premises necessitates the truth of the conclusion, and the truth preservation
is a result of the form of the argument (as opposed to the content of non-logical
expressions).2

1 Equivalently, we can think of the logical consequence with a no counter model definition: Γ � A

if and only if there is no (counter-)modelM such that everyB ∈ Γ is true inM, butA is false inM.
2 See for example Sher () and MacFarlane () for a discussion of formality.
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Moreover, model-theoretic consequence is supposed to capture the modal
nature of validity without reference to more philosophically controversial con-
cepts such as necessity, analyticity, or aprioricity. It is this reductive feature,
together with the extensibility of model-theoretic methods to all sorts of formal
systems, that has made it the dominating theory of consequence for almost
a century. In Etchemendy’s words, Tarski’s work has earned him the highest
compliment: his definition of consequence is “no longer seen as the result of
conceptual analysis [. . .] the need for analysis is forgotten, and the definition is
treated as common knowledge” (Etchemendy , ).
There is a rich literature on the adequacy of Tarski’s approach. While the

contributions of the present volume do not engage with every aspect of this
literature, several address the question of the demarcation and meaning of the
logical terms. In Chapter , Field also offers a general criticism of the model-
theoretic approach in the spirit of Moore’s open question argument. Field argues
that what we mean by ‘valid’ cannot, conceptually, be exhausted by the notion of
truth(-preservation) in all models.
Etchemendy () influentially argued that there is a systematic problem

with the Tarskian definition of logical consequence. On his reading of Tarski,
each valid argument is associated with a class of arguments that are materially
truth preserving. Roughly speaking, the class is determined by the available re-
interpretations of the non-logical vocabulary of the argument. In contemporary
terms, we would say it is determined by the models.3

Etchemendy argues that if the class of models determines whether or not a
sentence is a logical truth (and a conclusion a logical consequence of a set of
premises), then the concept of logical consequence is hostage to non-logical
facts. The existence of a model is not a purely logical matter, it depends on the
existence of the members of its domain.The upshot is that Tarski’s Thesis—viz. the
claim that a sentence is logically true just in case it is true in all models—is
itself contingently true. Yet this violates the commonplace assumption that logical
truths are necessary truths. Etchemendy takes this to reveal a conceptual flaw in
Tarski’s account of logical truth and consequence.
This conceptual flaw, Etchemendy tells us, underlies an extensional problem

with Tarskian consequence.The account overgenerates: It predicts that contingent
sentences are logical truths. For example, in a finite universe containing exactly n

3 Etchemendy contends that Tarski’s original account deviated from the contemporary notion of a
model. For Etchemendy it is critical that Tarski did not consider models where one varies the size of
the domain.The historical accuracy of this interpretation of Tarski has been criticized, for example, in
Gómez-Torrente () and Ray (). See also Patterson () for amore comprehensive historical
account of Tarski’s work.
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things, the first-order sentence ‘there exist no more than n things’ will be logically
true.Of course, this first-order sentence is not a logical truth according to standard
first-order semantics. Etchemendy’s point, rather, is that in the standard semantics
the existence of anymodel which serves as a countermodel is guaranteed by a non-
logical assumption, namely one about the size of the universe.This is a substantial
metaphysical assumption, one which for example involves the set theory which
serves as the background theory for the models.4

According to Etchemendy, as the expressive power of the language increases,
the problem becomes more acute. In a higher-order logic we can express sub-
stantial set-theoretic claims, such as the continuum hypothesis.5 The result is that
on the Tarskian account, either the continuum hypothesis is a (second-order)
logical truth, or its negation is a (second-order) logical truth. But, as Etchemendy
suggests, many philosophers would consider it an extra-logical question whether
a substantial mathematical sentence like the continuum hypothesis is true
or false.6

Etchemendy’s work produced a spate of replies. McGee (b) argues that
although Etchemendy is right that the existence of models relies on non-logical
facts, models exist as a matter of metaphysical or mathematical necessity.7 Thus,
contrary to Etchemendy’s contention, Tarski’s Thesis is not contingent. Even if it
is not strictly logical, it holds necessarily, and that is good enough. Priest ()
and Sher () have objected to Etchemendy’s construal of Tarski’s account of
consequence by suggesting that it allows for the universe of quantification to
include non-existing (but possible) objects. The point is that if the domains can
include possibilia as opposed to only actually existing objects, there is no reason to
fear that finitism (about the actual world) will lead to a restriction on the models.
Gómez-Torrente () defends Tarski’s Thesis by arguing that it does justice to
important properties that we attribute to the ordinary concepts of logical truth and
consequence. Hanson () and Shapiro () both attempt to amend Tarski’s
account of consequence with an explicit modal element. Sher () proposes
a ‘formal-structural’ understanding on which model theory is supposed to be
grounded in the formal properties of the world.8

One of the crucial issues to emerge from this debate concerns the classifica-
tion of ‘logical’ and ‘non-logical’ terms. Tarski’s account of consequence—as he
himself acknowledged—depends on fixing a class of logical constants. Only once

4 See especially Etchemendy (, ch. ). 5 See, for example, Shapiro () for details.
6 See Etchemendy (, –; , –). Soames () and Badici () give objections to

Etchemendy’s second-order case.
7 See also McGee (a).
8 See Hanson (), Sher (), and Hanson () for a subsequent discussion.
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a choice of logical constants is made can the logical form of an argument, and
thus the associated class of arguments, be identified. Tarski’s concept of logical
consequence therefore invites us to answer the question of logicality: Is there a
non-arbitrary property that determines the class of logical constants?
Tarski () himself was initially critical of any non-arbitrary divide between

logical and non-logical constants, but he later developed an influential proposal
(see Tarski ). His suggestion is an invariance account for logical constants, in
which expressions count as logical when they are invariant under a class of trans-
formations. The view has received renewed interest lately, and has a number of
proponents, (e.g., Sher , Bonnay , and Bonnay and van Benthem ).9

Tempting as it may sound, this account is not free of problems. The invariance
account is moderately successful for distinguishing the paradigmatic logical and
non-logical terms, but there are borderline cases (identity, set membership, etc.)
about which different precisifications of the invariance account disagree. Some
even argue that the invariance approach allows clearly non-logical expressions to
count as logical. See McCarthy (; ), Feferman (), Gómez-Torrente
(), and Casanovas () for some sample criticisms.
In the wake of Montague’s influential work (; a), model theory found a

second home in the formal semantics of natural languages. One might hope that
careful attention to the empirical properties of natural language would, in turn,
provide insights into the adequacy of the model-theoretic definition of logical
consequence. In Chapter , Michael Glanzberg raises a series of challenges to such
optimism. He argues that the ‘lexical entailments’ which drive extensive portions
of natural language competence are not of the same kind as logical entailments
(consequences), and that the logical terms are not simply given but instead arise
from a process of abstracting and idealizing away from natural language when we
theorize about logic.
The very flexibility of the model-theoretic approach has also been cause for

some degree of skepticism about its success. In particular, since the advent
of Kripke models, also known as ‘possible worlds semantics’, most formal sys-
tems have been outfitted with something resembling a Tarskian model the-
ory. In Chapter , Graham Priest addresses such a case of model-theoretic
consequence that has been criticized for being ‘merely algebraic’ rather than
philosophically illuminating.He offers a compelling interpretation of theRoutley–
Meyer ternary semantics for conditionals, onwhich conditionals express functions
from antecedent propositions to consequent propositions.

9 The invariance account of logical constants can be constrasted with the proof-theoretic tradition
discussed below. See, for example, Hacking () and Došen ().
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. Proof and Consequence
Despite the fruitfulness of Tarski’s approach, model theory does not have a
monopoly on logical consequence. Its most prominent rival is the proof-theoretic
tradition that goes back to Gerhard Gentzen’s () idea that the meaning of
a logical connective is ‘defined’ by its introduction rules (while the elimination
rules are justified by respecting the stipulation made by the introduction rules).
This meaning-theoretic claim is sometimes referred to as logical inferentialism
or inferential role semantics. More recently the formal business end of the theory
has been called proof-theoretic semantics, in contrast to the more familiar model-
theoretic semantics. In a slogan, the meanings of logical connectives are proof
conditional rather than truth conditional.
For the inferentialist, an argument is valid or invalid by virtue of the inferential

meaning of the logical connectives occurring in the argument. Early versions
of the view were defended by Popper (, ) and Carnap (), but the
subsequent criticism in Prior () was more influential.10 Prior introduces the
mock connective tonk, whose rules are supposed to be ‘analytically valid’:

A

AtonkB
AtonkB

B

Theproblem for the inferentialist is that the rules for tonk lead straight to triviality.
From any assumptionA we may introduceAtonkB, and then use the elimination
rule to conclude B. Starting with the seminal Belnap (), most contemporary
work on proof-theoretic validity is therefore concerned with formulating appro-
priate constraints on the inference rules that can be meaning-determining. The
constrains are intended to rule out tonk and other ill-behaved connectives, while
including at least the laundry list of ordinary connectives.
The informal suggestion is that the inference rules for tonk do not follow

Gentzen’s recipe for standard connectives such as ∧,→, etc. The elimination rule
for tonk is, in some sense yet to be specified, too strong for the introduction rule
(or, alternatively, the introduction rule is too weak for the elimination rule). Dum-
mett (; ) coins the term ‘harmony’ for the desired relationship between
introduction rules and elimination rules. Following his suggestion, the foremost
challenge to a proof-theoretic semantics is a precise formal account of harmony.
Dummett’s () own formulation of harmony is inspired by Prawitz’s (,

, ) work on proof-theoretic validity.This proof-theoretic notion of logical
consequence is in turn based on Prawitz’s normalization theorem (Prawitz ).
Prawitz defines proof-theoretic validity inductively on what he calls arguments.

10 For a recent perspective on Popper’s contribution, see Schroeder-Heister ().
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An argument is typically taken to be a natural deduction tree consisting of a con-
clusion (labelling the end node), and a finite set of premises (labelling leaf nodes).
An argument is closed if it has no undischarged (open) assumptions; otherwise
it is open. An argument is canonical if its last rule application is an application of
an introduction rule (e.g.∨ introduction or conditional proof) and the arguments
for its premises are valid (open or closed) arguments. An open argument is valid if
the result of replacing its open assumptions with a valid closed argument is valid.
A closed argument is valid if it is a canonical argument or it can be converted into
a canonical argument with the same conclusion using reductions.
Thus, for example, the introduction and elimination rules for ∧ are valid:

Π0

A
Π1

B
A∧ B

(∧I)

Π
A∧ B
A

(∧E(i))

Π
A∧ B
B

(∧E(ii))

It is straightforward to check that the introduction rule is valid. It is an open
argument, so we let Π0,Π1 be closed arguments for the respective assumptions.
Since ∧ introduction is by definition a canonical argument, the result is a closed
valid argument. For the elimination rules we need to apply a reduction. SinceΠ is a
closed valid argument, it is either canonical or reducible to a canonical argument.
We can therefore let Π be an argument that terminates with an application of an
introduction rule:

Π3

A
Π2

B
A∧ B
A

We can then convert the above derivation into the simpler derivation
Π3

A , avoiding
the detour through the conjunction rules completely. Since Π3 is a closed valid
argument forA, it is either canonical or reducible to a canonical argument. Similar
argument can be given for other connectives by detour conversions known from
the normalization theorem. For example:

[A]u

Π0

B
A → B

(u) Π1

A
B �

Π1

A
Π0

B

Π
Ai

A1 ∨A2

[A1]
u

Π1

C

[A2]
u

Π2

C

C
(u)

�

Π
Ai

Πi

C

where i ∈ {1, 2}.
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Prawitz’s account of validity relies on two crucial assumptions. First, intro-
duction rules are meaning-determining. Put differently, the introduction rules
implicitly define the meaning of the connective in question. Applications of these
rules are therefore considered immediately valid—they are canonical. Second,
elimination rules must allow for the required reduction conversions. This latter
part can be thought of as the harmony condition, and it easy to see that tonk does
not allow for a reduction conversion. Finally, note that Prawitz’s account, albeit
proof-theoretic, does not rely on any particular proof system. Proof-theoretic
validity is independent of derivation in any particular system.11

As we have seen, the notion of proof-theoretic validity hinges crucially on
the presence of reduction procedures that can transform any argument into an
argument which terminates with an introduction step. Interestingly, Prawitz and
Dummett argue that the inference rules for classical negation do not possess the
desired reduction property. They interpret this as a revisionary argument against
classical logic (see especially Dummett , – and Prawitz , ), an
approach that has since been criticized by a number of philosophers. One example
is Read () who argues that there is a perfectly natural extension of Prawitz’s
reduction steps that also covers inference rules for full classical logic.12

In Chapter , Read continues the tradition of proof-theoretic validity by devel-
oping a more encompassing notion of harmony.13 He takes on Prior’s challenge
by arguing that analytically valid arguments may yet fail to be truth preserving.
Vann McGee’s contribution in Chapter  also contributes to this debate. McGee
suggests a way to bridge proof- and truth-conditional approaches on the ‘realist’
assumption that classical inferences are valid (for use in metatheory).14

. One or Many?
Moving on from direct analyses of the nature of consequence, one thing that
cannot be overlooked about contemporary formal logic is the proliferation of
consequence relations. Some philosophers, such as Prawitz and Dummett above,
have argued that there is one correct logic—in their case, intuitionistic logic. More
frequently, philosophers have taken classical logic to be the one true logic (e.g.
Quine ; Burgess ; Williamson ).

11 For a detailed study of Prawitz on proof-theoretic validity, see Schroeder-Heister ().
12 There are plenty of sensible replies from classical logicians. See also Weir (), Milne (),

and Rumfitt ().
13 See also Read (, ).
14 For some important criticisms of the proof-theoretic approach to consequence, see Etchemendy

(), Priest (), Williamson (), and the contribution of Field in Chapter .
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Others strive for an inclusive position on which there are several equally good
candidates for the extension of the consequence relation, a view now known as
logical pluralism. One motive for this position is Carnap’s () conventionalism,
encapsulated by the slogan ‘In logic, there are no morals’. For Carnap the choice
of logic is determined by our choice of language transformation rules, a choice
that is in turn largely pragmatic. One might hold, for instance, that one language
is better suited for mathematics, another for mereology, and yet another for vague
expressions. In sum: different discourses, different logics. Carnapian pluralism
is in other words openly language dependent. This framework, however, is not
entirely unproblematic, since it appears that if the difference in logic only arises
as a result of a difference in language, then disagreements about logic (and
about logical consequence) are merely verbal disputes. Quine’s () meaning-
variance argument makes heavy weather of the fact that non-classical logicians
only seemingly disagree with the classical logician. In reality, Quine claims, they
only ‘change the subject’. Quine’s argument, briefly stated, is that the logical rules
associated with an expression (e.g., a negation) are constitutive of the meaning of
that expression, and so revising the logical rules is tantamount to changing the
expression itself.15

Quine’s meaning-variance argument has not gone uncontested. It has been
criticized, for example, in Restall (), Priest (a), and Paoli (; ).
In Chapter , Stewart Shapiro describes a novel brand of pluralism (or relativism,
as he prefers to say; see also Shapiro ) on which a given consequence rela-
tion has authority only relative to background assumptions about mathematical
structure. From this perspective, for example, both classical and intuitionstic logic
are correct systems for reasoning about classical and intuitionistic mathematics,
respectively. Shapiro rejects the Quinean criticism since, for the relativist, there
simply is no fact of the matter whether a logical term in one domain means the
same thing as a logical term in a different domain.
Others have argued that logical pluralism can bemaintainedwithout Carnapian

language dependence.Themost developed account of pluralism in recent times is
precisely such a langauge-independent pluralism. Beall and Restall (; ;
) develop a pluralist position according to which the concept of logical
consequence is schematic, and therefore allows for more than one specific con-
sequence relation. The heart of logical consequence, according to them, is that it
is truth preservation across a range of cases. Cases are the schematic part of the

15 See Haack () for a discussion of the meaning-change argument. Unlike Quine, Haack
coaches the argument in terms of the meaning of a logical expression. Most recent debates on the
argument similarly reconstruct it in meaning-theoretic terms, even though that would have been
unpalatable to Quine.
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consequence relation, and can be instantiated by, for example, classical models,
possible worlds, situations, or constructions.They call the schematic consequence
relation the Generalized Tarskian Thesis (GTT):

GTT an argument is validx if, and only if, in every casex inwhich the premises
are true the conclusion is true. (Beall and Restall , )

The GTT view of consequence entails a form of pluralism as long as there is more
than one permissible class of ‘cases’. Beall and Restall themselves defend three such
candidate classes: classical models, constructions, and situations, although they
do not rule out others. Truth preservation across all models is the classical con-
sequence relation, truth preservation across all constructions is the intuitionistic
consequence relation, and truth preservation across all situations is the relevant
consequence relation. That is to say, varying the cases gives rise to consequence
relations with different extensions. The result is a logical pluralism that supports
multiple consequence relations over a single language.
Whether GTT pluralism is ultimately tenable depends on the permissibility of

the cases. Are there any conditions on when cases are permissible instantiations
of the GTT schema? Beall and Restall offer no strict criterion, but they do suggest
a guideline. Any proper consequence relation, they claim, must be necessary,
formal, and normative. Hence, only instances of GTT that can be argued to satisfy
at least these three conditions will be counted as proper consequence relations.
That nevertheless leaves a worry about whether or not GTT is too inclusive (e.g.
Goddu ). Without clear restrictions on which structures may count as a
case, the result might be that GTT trivially gives us pluralism. For example, two
distinct classes of possible world models may yield two different consequence
relations (e.g. S and K), but we do not want to say that they support logical
pluralism.
The GTT pluralism has met with a number of other objections in recent

literature. Both Priest (a, ch. ) and Read () have come to the defence of
logical monism. Priest, for example, has made the case that GTT is too restric-
tive to capture the many different consequence relations that are advocated in
philosophical debates. It does not, for example, allow for relations which preserve
more values than truth (e.g. Priest’s own Logic of Paradox), nor does it allow
substructural consequence relations.16 Others have argued that, contrary to Beall
and Restall’s contention, their pluralism does not succeed in being language inde-
pendent (e.g. Hjortland ). Interpretations of logical constants will typically be

16 It is easy to see that Beall and Restall’s formulation of GTT builds in a number of structural
properties, all of which are rejected in some substructural logic or other.
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sensitive to the same class of cases that determine the logical consequence relation.
As a result, moving from one class of cases to another will affect not only the
extension of the consequence relation, but also themeaning of the involved logical
constants.17

Alternative variants of logical pluralism has also been offered in response to
Beall and Restall. Field (a) argues that truth preservation is not the best
approach to logical consequence, a position that is echoed in his contribution
to this volume (Chapter ). Instead Field defends a form of logical pluralism
that is premised directly on the normativity of logic. Logical consequence is
tied to agents’ rational management of (full and partial) beliefs, and a logical
pluralism follows, he claims, from the existence of a number of equally good
epistemic norms.18 Russell () explores a logical pluralism which arises from
varying the relata of the consequence relation: for example, whether they are
sentences, propositions, or utterances. Whether or not a consequence relation is
‘correct’ will depend on what we take it to be a relation of. Shapiro () and
Cook (; ) have argued that logics model reasoning practices, but that
indeterminacy about the target practice can lead tomultiple, incompatiblemodels
of the same phenomenon. Finally, Restall () moves away from the model-
theoretic approach to pluralism, and investigates a form of pluralism in a proof-
theoretic setting.

. The Structure of the Consequence Relation
The debate about the extension of logical consequence also involves a number
of difficult questions about the structure of a consequence relation. For instance,
an argument (valid or invalid) is usually taken to be a pair consisting of a set
of premises and a conclusion. But debates in the philosophy of logic frequently
involve various forms of generalized consequence relations. A fairly well-known
example is multiple-conclusion consequence. An argument can be extended to a
pair of sets, that is, a relation between a set of premises and a set of conclusions.
Such multiple-conclusion arguments also give rise to a truth-preservational con-
sequence relation, one for which the set of conclusions is interpreted disjunctively:

The set of conclusions Δ is a logical consequence of Γ (Γ � Δ) if and only if, for
every model M: whenever every B ∈ Γ is true in M, some A ∈ Δ is also true
inM.

17 See alsoWyatt (), Bueno and Shalkowski (), Griffiths (), and Keefe () for other
discussions of Beall andRestall’s pluralism. Russell () is an excellent overview of logical pluralism.

18 See section . below for more about the normativity of logical consequence.
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Multiple-conclusion arguments have been standard in proof-theory for a long
time.19 Gentzen’s () work on sequent calculus shows that a highly attractive
axiomatization of classical logic can be given using multiple-conclusion argu-
ments. The calculus has the added advantage that intuitionistic logic turns out
to be exactly the same calculus, but with the conclusions restricted to either a
singleton set (single conclusion) or the empty set.20 Furthermore, it turns out that
for some logical systems, the difference between single- and multiple-conclusion
arguments teases out important differences. Supervaluational logic, for instance,
has the same valid arguments as classical logic for single-conclusion arguments,
but not for multiple-conclusion arguments.21

Multiple-conclusion consequence relations have, however, generated significant
philosophical controversy. Intuitionists have argued that they are objectionable
from a constructivist perspective (e.g. Dummett ; Tennant ). But the
main point of contention is whether there is such a thing as multiple-conclusion
arguments at all. After all, human agents do not appear to infer from premises to
a set of conclusions. Rumfitt () and Steinberger () have both developed
wholesale arguments against usingmultiple-conclusion arguments, on the ground
that they have no natural counterpart in reasoning, or have no sensible inter-
pretation. Shoesmith and Smiley () is perhaps the most influential study of
multiple-conclusion arguments, and contains a passionate defence of their logical
significance. Restall () provides a novel interpretation of multiple-conclusion
consequence in terms of assertion and denial.
A further issue about the structure of logical consequence is the nature of the

relata. Regardless of whether the conclusions are multiple or not, philosophers
want to know what the premises and conclusion are. Syntactically, they are
merely formulae, but as interpreted entities they could be propositions, characters,
statements, sentence types, judgements, or even utterances. The choice of relata
for logical consequence will have a significant impact on what we ought to take
its extension to be. A number of entities are candidates for being truth-bearers,
and therefore relata of consequence, but the resulting consequence relations will
differ in terms of what they deem valid. Russell () and Zardini () are
two recent discussions of the question, connecting the choice of relata to context-

19 Unsurprisingly, there are also single-premise (multiple-conclusion) arguments, but these are less
prevalent. The best-known calculus of this sort is dual-intuitionistic logic (see Urbas ).

20 For details about such systems and a number of interesting proof-theoretic results, see Troelstra
and Schwichtenberg ().

21 Importantly, although supervaluational logic is classical with respect to arguments, it is non-
classical with respect to meta-inferences: that is, inferences from arguments to arguments. Both
conditional proof and classical reductio ad absurdum are examples of this. See Priest () and
Williamson ().
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sensitivity andKaplanian semantics (cf. Kaplan ). Russell () gives a simple
example to illustrate how, for example, contexts will affect the truth-preservation
relation between utterances. Two different sentences uttered in the same context
might express the same proposition: for example, ‘I am in Paris’ as uttered by
Napoleon, and ‘You are in Paris’ as uttered by Wellington (to Napoleon) both
express the proposition that Napoleon is in Paris. The proposition is a logical
consequence of itself, of course, but it appears counterintuitive that ‘You are in
Paris’ follows from ‘I am in Paris’. Russell suggests that the example shows how an
apparently invalid argument can have a conclusion expressing a proposition that is
a consequence of the propositions expressed by the premises. Conversely, consider
the argument ‘Achilles is running now, therefore Achilles is running now’. Here we
have seemingly uncontroversial consequence (reflexivity), but one that comes into
doubt if we allow shifts of context of utterance frompremise to conclusion. Finally,
Russell observes that ‘I am here now’ is a logical truth in Kaplan’s semantics, but if
so it is a logical truth that cannot have inherited its validity from the proposition
it expresses. The sentences expresses a contingent proposition when uttered by a
speaker in a context, and is logically true only in virtue of the indexical nature of
its expressions.
(These examples suggest that if we take natural language semantics seriously,

the orthodox account of logical consequence comes under renewed scrutiny. For
more on this theme, see Glanzberg’s contribution in Chapter .)
Just as the relata of the consequence relation are open to discussion, so is

what is preserved in the consequence relation. Again, the orthodoxy has it that
logical consequence preserves truth from premises to conclusion, but that is not
unproblematic. First, we have already seen that model-theoretic consequence
preserves truth-in-a-model, a theoretic construct that is not necessarily a good
model of truth simpliciter. Second, with the popularity of many-valued logic it
is commonplace to talk about preservation of designated values rather than just
the truth value true.22 This reflects the fact that many-valued logics might have
consequence relations that are defined as preservation of any of a set of values. Let
the set of truth values be V and let the designated values beD ⊆ V:

The set of conclusions Δ is a logical consequence of Γ (Γ � Δ) if and only if, for
every model M: whenever every B ∈ Γ has a value from D in M, some A ∈ Δ

also has a value fromD inM.

An example of this is Graham Priest’s Logic of Paradox where logical consequence
is preservation of either the value true or the value true-and-false. In other

22 See Priest (, ch. ) for more about many-valued logics.



�

�

�

�

�

�

�

�

OUP CORRECTED PROOF – FINAL, //, SPi

 colin r. caret and ole t. hjortland

words, logical consequence is preservation of (at least) truth, not preservation
of merely truth. The result is a paraconsistent non-classical logic, but one that
shares the above schematic definition of logical consequence with classical logic.
The difference consists only in what the logics treat as designated values preserved
in consequence. The generalization of logical consequence also leads to a host of
other considerations about preservation. Some consequence relations are defined
by anti-preservation of non-designated values instead of preservation, and these
may not have equivalent formulations in terms of preservation.23 Finally, it is not
clear that consequence is best understood in terms of preservation of truth values,
or at least not as preservation of truth values alone. Perhaps, as some have argued,
consequence requires preservation of warrant, or a relevance relation between the
content of the premises and the content of the conclusion, such as variable sharing
(cf. Read , Restall ).
Part of the discussion of the structural properties of logical consequence is

also about a range of purely formal properties. The traditional analysis of logical
consequence has inherited some formal properties from Tarski’s work: a Tarskian
or standard consequence relation is reflexive, transitive, and monotonic.24 That is,
the following properties all hold:

A � A;
if A � B and B � C, then A � C;
if Γ � A, then Γ ,B � A.

However, contemporary logic, and especially proof theory, has frequently chal-
lenged these formal properties. In a sequent calculus, for example, reflexivity and
monotonicity correspond to the identity axiom (Id) and the structural rule of
weakening (K), respectively. Similarly, transitivity corresponds roughly to the cut
rule:

A ⇒ A
(Id) A ⇒ B B ⇒ C

A ⇒ C
(Cut) Γ ⇒ A

Γ ,B ⇒ A
(K)

In addition, there is the question ofwhether the relata of a consequence relation are
sets, multisets, or even lists (ordered sets). Although the former is often assumed
by standard consequence relations, proof theories frequently come equipped with
multisets or lists instead. Indeed, Gentzen’s original sequent calculi for classical
and intuitionistic logic had lists, and only yielded standard relations in the pres-
ence of additional structural rules, such as contraction (W) and exchange (C):25

23 See Cook () for a neat example. 24 See especially Tarski ().
25 A catalogue of non-standard consequence relations, both semantic and proof-theoretic, is

discussed in Avron ().
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Γ ,A,A ⇒ B

Γ ,A ⇒ B
(W)

Γ ,A,B,Σ ⇒ C

Γ ,B,A,Σ ⇒ C
(C)

Although these structural properties strike some philosophers and logicians as
obvious, systems without them abound and they have found a range of applica-
tions in recent times. Logics which omit structural rules like weakening and con-
traction are, for example, commonplace. Such logics—called substructural logics—
play a significant role in a number of debates. In philosophical logic, substructural
systems are already familiar in the form of relevant logics, paraconsistent logics,
and non-monotonic logics, while others such as linear logic and affine logics are
more recent additions to the philosophical organon.26

But why would one drop structural rules from a logic? One reason, discussed
for example in Paoli (), is that the presence of structural rules restricts the
expressive power of a logic. A common example will serve as an illustration:

Γ ,Ai ⇒ C

Γ ,A0 ∧A1 ⇒ C
(L∧)

Γ ⇒ A Γ ⇒ B
Γ ⇒ A∧ B

(R∧)

Γ ,A,B ⇒ C

Γ ,A∧ B ⇒ C
(L⊗)

Γ ⇒ A Σ ⇒ B
Γ ,Σ ⇒ A∧ B

(R⊗)

The additive conjunction ∧ and the multiplicative conjunction ⊗ (‘o-times’) are
equivalent in the presence of weakening and contraction. In linear logic, however,
the distinct logics of the two conjunctions can be used for various applications. In
Barker (), for example, the linear logic distinction of the conjunctions (and
the dual distinction for disjunction) is used to give an account of free choice
permission in natural language. Linear logic has also been used for set-theoretic
purposes, in particular to give consistent theories of unrestricted comprehension
(cf. Shiharata ). Finally, linear logic, because of its lack of contraction, is used
to model various resource-sensitive phenomena.
In philosophical debates, substructural theories of semantic paradoxes have

become fairly common in recent years. (See section . for more about semantic
paradoxes.) It is well known that dropping structural contraction leaves room
for an unrestricted truth predicate, as explored for example in Petersen (),
Brady (), Shapiro (a), Zardini (). Similarly, non-transitive theories
have received attention in the literature on both vagueness and truth. Zardini
() and Cobreros et al. () use tolerant logics as the backdrop for a theory of
vague predicates that can avoid the sorites paradox. Ripley (), Ripley (),

26 For an introduction to substructural logic, see Restall () or Paoli (). Paoli in particular
gives a series of interpretations and motivations for dropping structural rules of various sorts.
Relevant logics are treated in, for instance, Anderson and Belnap (), Routley et al. (), Read
(), and Mares (). For more on non-monotonic logics, see Makinson ().
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andCobreros et al. () have also developed a paradox-free theory of truth based
on a non-transitive consequence relation. Finally, substructural logics also appear
in formal epistemology (e.g. Sequoiah-Grayson ).
In Chapter , Elia Zardini provides further reasons for adopting non-transitive

consequence relations for different philosophical applications.He gives an exhaus-
tive analysis of what non-transitive consequence relations mean for the orthodox
understanding of consequence, both in terms of what the relata are and in terms
of the epistemological significance of consequence.27

. Paradox and Revision
Logic is often thought of as immutable and apriori. In Frege’s less prosaic phrase,
the laws of logic are “boundary stones set in an eternal foundation, which our
thought can overflow, but never displace”. But is logic really immune to revision?
Andwhat would it evenmean to revise logic? Should we, as Putnam () argues,
consider logic just another empirical discipline, subject to the same scientific
calibrations as physics or chemistry, or is justification of logical laws a rationalist
project (Dummett , Wagner )?
Quine, a seminal figure in this debate, is often taken to have changed his mind

about the status of logic. In Two Dogmas (Quine ) he insists that logic is
no more immune to revision than any other part of our sciences. Yet, in his
later Philosophy of Logic (Quine ) he appears to take the meaning-variance
argument to show that one cannot have rational grounds for a ‘change of logic’.
(See section . for more on meaning-variance.) Priest (a, ch. ) offers a
defence of the earlier Quinean position, arguing both concretely that classical
logic ought to be revised and that it is not just possible to rationally revise logic,
but historically evident that this has already occurred several times. According to
Priest, part of the confusion in this debate rests on conflating revision of the theory
of logic with revision of the practice of logic.28

By ‘revision of logic’ philosophers typically mean setting aside the classical logic
of Frege and Russell in favour of some weaker system. This dialectic presumes
that classical logic is prima facie plausible, but allows that it may be ultimately
insufficient when all details of the role of logic are considered. Some revisionary
arguments are premised on general views about the nature of logic, such as
the intuitionist programme of Dummett and Prawitz discussed in section ..29

27 Other proponents of non-transitive systems include Weir () and Tennant ().
28 For another take on revision of logic, see Resnik ().
29 See also Wright (, ) for a more general argument about revisionism.
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A more frequent source of revisionary arguments, however, is the existence of
particular domains of discourse towhich classical logic appears unsuited. Revision
of classical logic for quantum theory is one traditional, albeit somewhat dated,
example. More fashionable is the growing number of theories of semantic and
set-theoretic paradoxes that rely on non-classical reasoning: for example, theories
about vague expressions or paradox-free theories of unrestricted truth. Many
of these theories have in common that they do not advocate revision of logic
as a universal rejection of classical logic, but only as a piecemeal reaction to
particular—and perhaps isolated—philosophical problems.
Paradoxical reasoning typically involves two different kinds of principle: those

governing a specific concept of philosophical interest such as truth or set mem-
bership, and logical principles that sanction reasoning involving, for example,
quantifiers or negation.The idea behind revisionary solutions to paradox is thatwe
can hang onto the intuitive principles of truth or membership by making certain
logical inferences impermissible within the relevant discourse.30 Formally speak-
ing, a problematic operator or predicate might have desirable axioms or inference
rules that are inconsistentwith classical logic, but that can nonetheless consistently
extend non-classical logics. The best-known example is formal theories of an
unrestricted or naïve truth predicate T , as captured for example by the unrestricted
Tarski biconditional:31

T(�A�) ⇔ A

where �� is a formof quotation device, for example, theGödel code ofA.We know
that that no classical theory sufficient to express its own syntax can consistently
include the unrestricted Tarski biconditionals.
One variation on this theme is directly pertinent to validity itself. Suppose, as in

section ., that the orthodox ‘truth-preservation’ platitude really is constitutive
of the concept of logical consequence. Then such a concept would seem to be
inexpressible on pain of violating Gödel’s Second Incompleteness theorem. As
Field (; ) argues, if we had the resources to express, unrestrictedly, that
all of our valid reasoning is truth preserving, then we could truly assert that every
sentence of mathematics is true and all of its inferences are truth preserving and

30 This should not be confused with inconsistent meaning theory. Rather than revise either the
intuitive truth principles or intuitive principles of logic, the inconsistent meaning theorist holds that
all such principles are genuinely valid. What paradoxes show, on this view, is that natural language
suffers from an incoherent clash ofmeaning-constitutive principles.This view has its roots in Chihara
(). Other advocates include Barker (); Eklund (); Azzouni (, ); Scharp ()
and Patterson (, ).

31 But not the only one, of course. Revisionary responses to Russell’s paradox are also a major
source of motivation for non-classical consequence relations.
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thereby establish that the entire theory is true, violating Gödel’s theorem. Field
bites the bullet and accepts that this poses an absolute barrier to defining validity
in terms of truth preservation. (See his Chapter  for more.)
InChapter , Beall offers an alternative perspective on this problem.He suggests

that we can stratify the concept of validity: for any order validityn there is a
stronger notion validityn+1 which can assert that all validn arguments are truth-
preserving. Beall argues that this approach is compatible with a deflationary stance
toward truth. His argument draws on Lionel Shapiro’s (a) novel deflationary
account of logical consequence.
The contentious question for revisionary solutions to paradox is precisely which

classical axioms or inference to reject: paracomplete (‘gap’) theories, for example,
reject the law of excluded middle (LEM); while paraconsistent (‘glut’) theories
reject the law of explosion (EFQ).32 As noted above, there are also substructural
theories that maintain all of the classical operational rules for the connectives, but
reject one or more of the structural rules.33

There is no widespread agreement about how to adjudicate between the con-
sequence relations of different revisionary theories. Nonetheless, there are some
challenges that most such theories face. A typical kind of objection to revisionary
theories is an objection from revenge paradoxes. These arise from the desire to
increase the expressive power of our non-classical truth theory. A non-classical
theory treats some sentences as true and others as false, but paradoxical sentences
may not fall neatly into either category, so for certain explanatory purposes we
might feel compelled to classify them in some other way. Gap theorists, for
example, would like to say that paradoxical sentences are indeterminate, while
glut theorists would like to say that paradoxical sentences are distinct from
ordinary consistent sentences. Yet, enhancing a revisionary theory of truth with
the resources to express such concepts is a non-trivial task. It is well known that
predicates of this sort are susceptible to paradoxes which threaten the breakdown
of the salient non-classical theories.34 Indeed, it is one of the most resilient
problems for theories of truth.
One way that revisionary theorists have tried to sidestep worries about revenge

is to demarcate the paradoxes not in terms of a further semantic category (inde-
terminacy, consistency, etc.) but in terms of the norms or attitudes uniquely fitting

32 For the former, see Kripke (), Martin and Woodruff (), Field (, , ), and
Horsten (, ). For the latter, see Priest (, a, b, ) and Beall ().

33 There are, of course, also a variety of classical theories of restricted truth. For broadly Tarskian
approaches see, for example, Parsons (), Burge (), Barwise and Etchemendy (), Simmons
(), Glanzberg (a, ). See also Halbach () for axiomatic approaches.

34 For discussion see for example (Beall ) and Shapiro (b).
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paradoxical sentences. Because revisionary theories typically appeal to a sub-
classical account of negation, critics have been quick to point out that asserting
¬A does not rationally require rejecting A within the context of such a theory.
Advocates have turned the tables and argued thatwemight get a grip on classifying
paradoxical sentences by recognizing that this affords a specially non-classical
stance toward permissible belief states.
In Chapter , David Ripley explores the prospects for making this rigorous

by adding a rejection or denial operator to the language.35 He considers whether
this introduces a revenge paradox—the denier—and he argues that revisionary
theorists actually can and should keep negation and denial closely linked together.
Greg Restall argues in Chapter  that a familiar revenge objection to gap theories
of truth can be turned into a symmetrical objection against glut theories. This
leaves the debate at a stalemate without further tie-breaking considerations.
In Chapter , Heinrich Wansing discusses the knowability paradox. He argues

that in its usual incarnation, due to F. Fitch and A. Church, this paradox provides
the impetus for rethinking the meaning of the so-called anti-realist thesis that
‘truth is knowable’.The quantificational pattern in the natural language explication
of this thesis is reassessed and shown to be free of paradox in a standard interpre-
tation in branching-time semantics.

. Logic and Rationality
It is often assumed that there is a connection between logical consequence and
rational management of beliefs. One might think, for example, that consistency
is a minimal normative constraint on belief states.36 Similarly, if one thinks that
truth is the aim of belief, and, furthermore, that logical consequence necessarily
preserves truth, then we ought to believe anything that is an obvious logical
consequence of our beliefs.
Nevertheless, formulating the connections between rational belief and logical

consequence turns out to be difficult. For example, wemight locate the connection
at the level of degrees of belief rather than full beliefs, and argue that there
are logical constraints on the distribution of an agent’s credences. Indeed, if
probabilism for degrees of belief is true (i.e. the norm that any belief state ought to
satisfy the axioms of the probability calculus), then it might be argued that some
minimal logical constraints on beliefs are already in place.37 Another question is

35 See, for example, Parsons () and Tappenden ().
36 The AMG theory of belief revision is one tradition in which logic and belief management are

intimately related (Alchourrón et al. ).
37 See especially Christensen ().
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what the normative force of these norms are: which deontic operator is present
in normative connections between validity (or inconsistency) and believing? Is
it one of permissibility or one of obligation? Moreover, the scope of attitudes
constrained by logic is also in dispute. Do the connections only govern belief,
or do they equally constrain non-believing and dis-believing?38 Indeed, does logic
equally constrain other propositional attitudes such as acceptance, rejection, and
suspension of belief?39

Worse, the very existence of such a connection between logic and rational belief
has been denied. Both Harman () and Maudlin (), for example, insist
that logic is merely a theory of truth preservation, whereas the question of which
beliefs we ought or ought not to have is an independent issue. Harman gives a
series of arguments against deductive closure and consistency as requirements
on rational belief. For example, he argues that the Preface Paradox shows that
inconsistent belief states can be rational. Consequently, whatever the constraint on
rational belief states is, it has to be weaker than consistency. Harman also rejects
the idea that logical consequence is a guide to rational inference. Just because B
is a logical consequence of A, and an agent believes A, does not mean that the
agent ought to believe B. After all, the agent might have independent reasons to
disbelieve B (say, B is a contradiction), and so rational belief management should
involve disbelieving A as well.40

Kolodny () argues that there is no consistency requirement on belief states,
since these are independent of the aims of belief. In Chapter , Williams takes
on such critics by arguing that recent work on probabilism for degrees of belief
provides an argument for logical constraints. Williams suggests that Joyce’s (,
) accuracy-domination argument can be interpreted as an explanation of the
value of consistency norms for belief.41

Field (b) goes further when he argues that, rather than logical consequence
informing us about how to manage our beliefs, the bridge principles between
rational belief and logical consequence are our best shot at explicating the nature
of consequence itself.42 This is a primitivist view about logical consequence,
developed as a reaction to problems with giving a formal theory of truth that
declares valid arguments truth preserving (see especially Field ). Field argues
that any reasonable theory of truth (including his own) cannot consistently be
extended with theorems that say that the axioms of the theory are true and

38 See, for example, Broome () and MacFarlane (unpublished).
39 Some authors even propose that the very relata of consequence are propositional attitudes rather

than propositions. See section . on the structure of consequence.
40 See Broome () for a related discussion with alternative formulations of the connection

between consequence and rational belief.
41 See also Williams (). 42 For discussion, see Milne () and Harman ().



�

�

�

�

�

�

�

�

OUP CORRECTED PROOF – FINAL, //, SPi

logical consequence: its nature, structure, and application 

the rules truth preserving. Field takes this to indicate that any formal theory of
valid argument as necessary truth preservation will fail. The bridge principles
between doxastic norms and logical consequence are further explored in Field’s
contribution in Chapter .
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